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Nomenclature
= set, defines connection between nodes of ith and ;th

components
= subsets of G

KI , Ki = positive constants
0i = local gravitational potential experienced by ith

component
£2 = angular velocity of frame T' on reference orbit

Introduction

ON-ORBIT assembly of space structures has long been con-
sidered as a means of enabling the construction of large space

platforms. Many scenarios envisage robotic maneuvering vehicles in
the assembly process as the primary means of construction.1 In this
Note an analytical method is developed that allows robotic assembly
of components through the emergent properties of the dynamics of
the system. Treating the ensemble of robotic maneuvering vehicles
and components as the global system, a naturally distributed con-
trol is generated that guarantees assembly of the components of the
system. Control forces and moments are provided in analytic form
that represent the controls required for each of the maneuvering ve-
hicles to ensure assembly of the system of components. The method
discussed is seen as a possible means of allowing simple assembly
tasks to be achieved without using complex artificial intelligence
schemes to drive the assembly process. Although the current study
uses rather artificial dynamics and assumptions, it demonstrates that
complex assembly tasks can be carried out using simple rules.
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Fig. 1 Schematic geometry of components relative to orbiting frame T' .

component is maneuvered by a vehicle S/ that then generates a
center-of-mass force/- and torque F, .

The inertial location of the center of mass of the ith component
RI is given by Rs + p{ so that its equation of motion may be written
in the rotating frame T' as

<pR; dRi_ L + 20 x -p + n xdt 2 dr
,

m/ + m/
,/, - (i)

In the subsequent analysis the assembly times will be significantly
shorter than one orbital period and the control forces and torques will
be significantly larger than the difference between the gravitational
and rotating frame forces represented in Eq. (1). These forces will be
ignored so that the equations of motion of the ith component will
be given by

System Dynamics
In this section the dynamics of the system are developed and

equations of relative motion derived. The system dynamics will be
considered in an orbiting frame T' relative to an inertial frame T
(Fig. 1). The orbiting frame is assumed to represent a circular orbit
at position Rs relative to the inertial frame. The components of the
assembly will be treated as uniform beams with a known inertia
tensor// and mass m/ (i = 1, . . . , N), where N is the total number
of components. Similarly, the maneuvering vehicle S/ that translates
and rotates the ith component will be considered as a point mass
rhi. Each component will be described by vectors r/ and r/ defining
the location of its endpoints, a vector L, describing its length and
orientation, and a vector pt defining its center of mass. The ith
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/ / • W / + W / X (//•(*;/) = Tf

(2a)

(2b)

The additional forces in Eq. (1) may be added to the required control
force if necessary. These equations of motion may now be used to
develop the required distributed control.

Distributed Control
To assemble the components, Lyapunov's theorem will be used

along with a scalar artificial potential function. The potential
function method has been developed for other spacecraft control
applications.2"4 In order to assemble the system, each component
will experience an acceleration due to the potential of the node to
which it is to connect. Then over a period of time, the assembled
structure will emerge as an asymptotic solution of the dynamics of
the system. In this initial study the components are allowed to cross,
inducing contact forces. However, by making each component a line
source of potential, such contacts may be avoided.

1204



J. GUIDANCE, VOL. 18, NO. 5: ENGINEERING NOTES 1205

The potential function V may be written in arbitrary form as

N

[(fi ~ ri}2} + 2 1> ' Vi + Wi ' Wi}
i = l 7 = 1

i,7 € G

Clearly this function is zero when the correct nodes have been con-
nected and the rotational and translational velocities are zero. The
constants A,-; are chosen such that V is positive definite and may
be used to shape the behavior of the assembly sequence, as can the
function /. The time rate of change of the potential is found to be

V = 7 V/[(r,- - r;)2](v; - Vj)

1,7 6 G

Triangular Truss Assembly
In this section an example of a simple assembly problem will be

considered. Three equal beams will be assembled into a triangular
truss section using an equal number of maneuvering vehicles. The
potential of the system will therefore be written as

v = I;

+ -

.-rf + fa-rtf + fa-n)2]

• V/ + (jJi (H)

where the initial location of these nodes is illustrated in Fig. 2.
Using the method described in the previous section, expressions
for the required endpoint translational accelerations may then be
derived as

(4)

However, the velocity v/ of the endpoint r, may be written in terms
of the velocity v/ of the opposite endpoint r,- using

vt = Vi + w/ X Lt (5)

This relation also enforces the constraint that the length of each ele-
ment is constant. Therefore, using the vector triple-product identity

V/ - (Wl. x Lt) = -LJi • (V/ x Li) (6)

the rate of change of the potential function may be written as

v = yV

(7)

P,q e G"

In order to ensure that the rate of descent of the potential is nega-
tive definite, the following translational and rotational accelerations
will be chosen:

TV N

V/ (8a)
/=! m = l

/ ,meG'

I
TV AT

Ui = -KM -

l,meG'

The rate of descent of the potential is then given by

TV AT

V = - KtVi • Vt - (9)

which is clearly negative definite. As V -> 0, the components will
then be assembled into the desired configuration with zero rotational
and translational velocities.

The endpoint acceleration v/ may be written as a center-of-mass
acceleration v? by the transformation

X(ux Li) - iw/ X (10)

which includes the centripetal and angular accelerations of the z'th
component due to its rotational motion about its center of mass.
Therefore, using Eqs. (2) the required center-of-mass force and
torque required to control the assembly may be obtained.

- r2) - (h - ri)] (12a)

v2 = -Kv2 - A,[(r2 - r3) - (fi - r2)] (12b)

v3 = -KV3 - A,[(r3 - ri) - (r2 - r3)] (12c)

where K and A are constant shaping parameters. These controls may
then be transformed to the required center-of-mass accelerations
using Eq. (10). The required angular accelerations may also be de-
rived as

r2) X L\

r3) X L2

TI) X L3

(13a)

(13b)

(13c)
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Fig. 2 Assembly of three components into triangular truss.



1206 J. GUIDANCE, VOL. 18, NO. 5: ENGINEERING NOTES

Using these controls the rate of descent of the potential of the system
is seen to be negative definite:

V = — K (14)

so that the triangular truss section will be assembled from an ini-
tial configuration of the three beam elements. A planar assembly
sequence is shown in Fig. 2 with A = 0.01, K = 5, and k = 5.
It can be seen that components are rotated and translated such that
the desired triangular configuration is formed. The constants can be
used to shape the maneuver and to control the maximum required
translational forces and rotational torques.

Conclusions
A naturally distributed control has been developed that pro-

vides translational accelerations and rotational torques in analyti-
cal form for multiple-maneuvering vehicles assembling connected
components of a space structure. The development is based upon
Lyapunov's method, which ensures that the assembly is constructed
from the initial configuration of components. Since the control ac-
celerations and torques are provided in analytic form, complex al-
gorithms are not required to assemble the components.
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Optimal Direct Ascent
with Carrier Return to Base

It is the purpose of this Note to show that this type of ascent
trajectory is not generally fuel minimal. Rather, it will be shown that
the optimal solution can be a highly curved trajectory from the very
beginning. Thus, there is a pronounced motion in three dimensions
already before separation.

Optimal Curved Ascent Trajectory
Optimization results for fuel minimization are presented in Fig. 1,

which shows ground tracks of two direct ascent trajectories with
return of the carrier vehicle to the base. An uncurved trajectory
is shown as a reference that is usually considered as the optimal
solution type (dashed line). However, the optimal solution is a highly
curved trajectory from the very beginning (nondashed line). The
optimal curved trajectory depicted in Fig. 1 shows a heading change
of about 210 deg before separation takes place. After separation,
both trajectories have a similar structure as regards a turn for heading
back to the base. However, the distance between separation location
and base is significantly smaller for the optimal solution than for
the reference trajectory.

Further details are presented in Figs. 2 and 3, which show state
and control variables histories (with equivalence ratio 0/ as a mea-
sure of thrust). The primary difference during the first flight phase,
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Fig. 1 Ascent trajectories with carrier return to base: ——, optimal
curved ascent trajectory, w/ = 63.9 mg; and - - - -, vertical plane ascent
trajectory, my = 64.7 mg.
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Introduction

T HERE is currently a great interest in new concepts for advanced
space transportation systems. A promising concept is a two-

stage system comprising a lifting carrier vehicle equipped with a
turbo-/ramjet combination and a lifting orbital stage propelled by a
rocket.

Ascent optimization of advanced two-stage flight systems for
minimizing fuel is subject of recent research.1"7 Results for ascents
basically show an acceleration/climb trajectory to reach a separation
flight condition that is favorable for releasing the orbital stage, which
then performs an ascent to an orbit. After separation, the carrier ve-
hicle returns to its base for landing. When no range requirement for
the destination of separation exists, a direct ascent is performed, the
first part of which is usually considered as a noncurved trajectory
in a vertical plane until separation.3"7 Only after the separation is
finished, the trajectory of the carrier shows a turn for heading back
to the base.

10

Received March 25, 1994; revision received Feb. 1, 1995; accepted for
publication March 18, 1995. Copyright © 1995 by G. Sachs and R. Bayer.
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission.

*Prof. Dr.-Ing., Director, Institute of Flight Mechanics and Flight Control.
Associate Fellow AIAA.

^Dr.-Ing., Scientist, Institute of Flight Mechanics and Flight Control.
Member AIAA.

2000
Time t [s]

Fig. 2 State variables of ascent trajectories with carrier return to base:
——, optimal curved ascent trajectory, m/ = 63.9 mg; and - - - -, vertical
plane ascent trajectory, my = 64.7 mg.
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Fig. 3 Control variables of ascent trajectories with carrier return to
base: ——, optimal curved ascent trajectory, mf = 63.9 mg; and - - - -,
vertical plane ascent trajectory, m/ = 64.7 mg.


